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Carbon nanotubes (CNTs) and titanium dioxide (TiO2) are perhaps the most well-known nanopar-
ticles. The encapsulation of TiO2 into CNT could provide ideas for the development of targeted
drug delivery systems. It is intuitively understood that due to particle size limitation, the relatively
large size of TiO2 prevents its encapsulation into CNT. However, it could be possible for TiO2 to
encapsulate when those two types of particles are still of comparable size. Motivated by experi-
mental results, the aim of this paper is to utilize the Lennard-Jones (6–12) potential function and
applied mathematical modeling tools to understand why TiO2 nanoparticles aggregate at only one
side of the carbon nanotube in order to be encapsulated into the tube (which is part of the main
problem surrounding the encapsulation of TiO2 nanoparticles into SWNT). The theoretical predic-
tion suggests that TiO2 particles are likely to cluster together since the energy level between two
TiO2 molecules and a carbon nanotube is lower than that between a TiO2 molecule and a carbon
nanotube. This work could be considered as one of the first step models to be used with the analytic
approach before developing more complicate ones.
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1. INTRODUCTION

Carbon nanotubes (CNTs) and titanium dioxide (TiO2)
are perhaps the most well-known nanoparticles studied
to date. Single-walled carbon nanotubes (SWNTs) are
of great interest because of their unusual and unique
physical, chemical, and electronic properties, which make
them a promising material for developing nanodevices.1�2

Researchers expect that SWNTs can provide unique oppor-
tunities for the nanoscale engineering of novel one-
dimensional systems, created by the self-assembly of the
molecules inside the SWNT’s hollow core. Materials con-
fined in such small cavities are expected to show novel fea-
tures that are not observed in bulk materials.3–5 Among this
class of materials, SWNTs filled with fullerenes (e.g., C60),
known as “peapods,” have attracted considerable attention.
The composite nature of peapod materials raises the excit-
ing possibility of a nanoscale material that can be tailored
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to a particular electronic and mechanical function. How-
ever, there is still no clear understanding of the formation
mechanisms of nanopeapods.
Researching the unique properties that underlie a dis-

tinguishable system versus a micro-scale or bulk sys-
tem involves examining van der Waals interaction force
and the large surface to volume ratio of the nanopar-
ticles. For the latter, titanium dioxide or titania (TiO2)
has attracted great attention as an alternative material for
water and air purification, and photocatalytic sterilization
in the food and environmental industries.6�7 It has been
intensively used on a wide spectrum of organisms, includ-
ing bacteria,8 fungi, algae, virus,9�10 and cancer cells.11�12

When TiO2 absorbs ultraviolet A or UV-A light with a
wavelength less than 385 nm, or an energy greater than
the band gap of the TiO2, it generates electron–hole pairs
and migrates to the surface through diffusion and drift,13

while in competition with a multitude of trapping and
recombination events in the lattice bulk. On the photocata-
lyst surface, TiO2 particles yield superoxide radicals (O•−

2 )
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Fig. 1. TEM micrographs of typical TiO2 nanoparticle aggregation on
one end of the carbon nanotube.

and hydroxyl radicals (•OH) that can initiate oxidants.14

The hydroxyl radicals are highly active particularly dur-
ing the oxidation of organic substances and the inacti-
vation of bacteria and viruses.15 Most studies conclude
that •OH is the main cause of the bactericidal effect of
photocatalysis,16�17 but the mechanical basis for this effect
is not well established—even though the surface properties
of TiO2 are well-known because this solid has been widely
investigated using a variety of physicochemical methods.
Having realized what could be a high impact research

study, namely investigating carbon nanotube-based hybrid
materials in combination with TiO2, we considered the
feasibility and optimality of encapsulating TiO2 nanopar-
ticles into SWNT. We wanted to explore whether a cluster
of TiO2 is an energetically favorable form for the parti-
cles to enter into the carbon nanotubes, since experimental
results (see Fig. 1) showed that when the radius of the
TiO2 nanoparticles are smaller than that of the SWNT, the
TiO2 molecules aggregate at only one side of the carbon
nanotube in order to be encapsulated into the tube. In this
paper, we employ the Lennard-Jones potential function via
applied mathematical techniques to determine the inter-
action energy of the TiO2–carbon nanotube system, with
the aim of explaining the findings of our experiment. This
could be considered as one of the first step models to be
used with the analytic approach before developing more
complicate ones.

2. EXPERIMENTAL AND THEORETICAL
PREDICTIONS

We performed well-mixing experiments using TiO2 and
carbon nanotubes. TiO2 nanoparticles (Degussa-P25) were
obtained from Degussa (Thailand) Co., Ltd. Carbon nano-
tubes were given to us from Singjai’s group.18 Carbon
nanotubes were ground for approximately 1 hour using a
ball mill. This was done to reduce the length of the tubes.
Indeed the chemical, physical, and biological properties
of nanotubes are closely related to nanotube geometry.
Reducing the distribution of nanotube dimensions remains
a major technical challenge in carbon nanotube processing.
To physically see what happened to the mixing system, we
performed transmission electron microscopy (TEM) sam-
ple preparation and analysis. TEM micrographs were taken
using a JEOL, JEM-2010 operating at 200 kV. Samples

were prepared by briskly shaking dry TiO2 nanoparticles
with dry MWNT (ratio of 1:1) in a 10 mL vial. After
shaking the vial for 10 times, a TEM holey carbon-coated
grid was dipped into the mixture and tapped to eliminate
excess powder that was not attached strongly to the grid.
At least 5 TEM samples were made, and at least 10 micro-
graphs of each of the TEM samples were investigated for
the analysis. The micrographs shown were representative
of the analysis.
As seen in Figure 1, TEM micrographs show typical

TiO2 nanoparticle aggregation at one end of the carbon
nanotube, which is quite stable. These experimental results
are very reproducible. In addition, it is consistent with our
analytic results, which predicts that the energetically favor-
able configuration happens to be a one-end aggregation
of TiO2. From an interaction view point, this may be due
to the fact that it requires less energy for TiO2 to over-
come the potential barrier of the like-particle interaction
(TiO2–TiO2) in comparison with unlike-particle interaction
(TiO2–CNT), which is dominated by the van der Waals
force. It is noted that due to particle size limitation, the
relatively large size of TiO2 prevents its encapsulation into
CNT. However, it is not trivial for us to consider that it
could happen when those two types of particles are still
comparable. More experimental evidence, such as atomic
force characterization (AFM), may be found useful.
To better understand our experimental result, we utilize

the Lennard-Jones potential function19 to determine the
interaction energy between a TiO2 molecule and a carbon
nanotube. On assuming that the interatomic interactions
can be modeled by smearing the atoms uniformly across
surfaces, the continuum approach is employed, which can
be given as:

U = �1�2

∫ ∫ (
− A

�6
+ B

�12

)
dS1dS2 (1)

where �1 and �2 are the mean atomic surface densi-
ties of atoms on each molecule, � denotes the distance
between two typical surface elements dS1 and dS2 on
each molecule, and A and B are attractive and repulsive
Lennard-Jones constants, respectively.
As observed in the experiment, TiO2 can be modeled as

a spherical particle, and carbon nanotube is assumed to be
a cylindrical tube. Consequently, we want to determine the
interaction energy between a sphere and a perfect cylinder,
and between two spheres and a perfect cylinder, as illus-
trated in Figure 2, where they are assumed to be co-axially
located. With reference to a rectangular Cartesian coordi-
nate system (x� y� z) with its origin located at the tube end,
a typical point on the surface of the tube has the coor-
dinate �b cos� b sin� z�, where b is the tube radius and is
assumed to be semi-finite in length. Similarly, with refer-
ence to the same rectangular Cartesian coordinate system
(x� y� z), the center of the spherical TiO2 has coordinates
�0�0�Z� where Z is the distance in the axial direction,
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(a)

(b)

Fig. 2. Model formations for (a) TiO2-tube and (b) TiO2–TiO2-tube interactions.

which can be either positive (inside the tube) or negative
(outside the tube). Thus the distance between the center of
the TiO2 and a typical point on the tube is given as:

�2 = b2+ �z−Z�2

Utilizing the Lennard-Jones potential function and the con-
tinuum approximation, the total potential energy can be
written as:

U = Etube−ball���

= �ab�1�2

∫ �

−�

∫ �

0

1
�

[
A

2

(
1

��+a�4
− 1

��−a�4

)

− B

5

(
1

��+a�10
− 1

��−a�10

)]
(2)

where the van der Waals force can be obtained by differ-
entiating (2) with respect to Z.
The potential energy of a many-body system compris-

ing pairs of molecules, which is called the pair potential
approximation,20 is given as:

U = 1
2

N∑
i� j=1� i¬j

E��ij� (3)

where �ij denotes the distance between a surface element i
and a surface element j . Therefore, the interaction energy
between two TiO2 molecules and a carbon nanotube can
be obtained by:

U =
2∑

i=1

Etube−ball��i�+Eball−ball��� (4)

where Etube−ball is given as (2) with �2
1 = b2 + �z−Z�2

and �2
2 = b2 + �z−Z+Z0�

2 where Z0 is the equilibrium
distance between two TiO2 molecules. The term Eball−ball

is given as Eball−ball���=−AP6���+BP12��� where

Pn��� =
4�2a2�2

f

��2−n��3−n�

(
1

�2a+��n−3
+ 1

�−��n−3

− 1
�2a−��n−3

− 1
�n−3

)

and, in this case, �= Z. Note that the analytical determi-
nations can be found in Cox et al.21�22 and Baowan et al.23

If we are to consider the configuration energetically
favorable for TiO2 nanoparticles to be encapsulated into
one end of the carbon nanotube note that the interaction
energy between two TiO2 molecules and a carbon nano-
tube is lower than that between one TiO2 molecule and a
carbon nanotube; therefore the particles are likely to form
a cluster or a chain before entering into the tube. Also
note that in our experiments the radius of the carbon nano-
tube, 135 Å,18 is smaller than that of the TiO2, 150 Å, as
shown in Figure 1. This result is supported by our theo-
retical finding of encapsulation of TiO2 nanoparticles into
single-walled carbon nanotubes as shown in Figure 3(a).
Once the radius of the TiO2 is assumed to be fixed, the

relation between the suction energy, which is the driving
energy from the van der Waals alone and the nanotube
radii is determined. The authors found that, theoretically,
TiO2 nanoparticle starts to be encapsulated into the tube
if its radius is around 2.8 Å smaller than that of the tube;
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(a)

(b)

Fig. 3. Suction energy (a) and potential energy (b) for the TiO2-tube
and for the TiO2–TiO2-tube.

the maximum suction energy occurs when the difference
of their radii is around 3.3 Å. These two behaviors are
unvarying by changing the radii. Hence this seems to sug-
gest that the best case scenario for the experiment is when
the radius of the particle and the radius of the tube are
equal; therefore, for calculation purposes the two radii are
assumed to be equal and are taken to be 150 Å. The
parameters used in this model are given in Table I. Specifi-
cally, there are two different interactions for the interaction
energy between TiO2 and a carbon nanotube, which are
C–Ti and C–O, so that the total energy can be obtained
by:

U tot = �1

3
�2U

∗�AC–Ti�BC–Ti�+
2�1

3
�2U

∗�AC–O�BC–O�

where U ∗�A�B� is defined by U/AB and U is given as (2)
and (4) for the interaction energy between a TiO2 and a
carbon nanotube, and for two TiO2 molecules and a carbon
nanotube, respectively. The constants for C, Ti, and O are
taken from the work of Mayo et al.,24 and the constants for
the carbon nanotube are taken from the work of Girifalco
et al.25 The mixing rule26 is undertaken to determine the
constants for the coupling of the two atom spices.

Table I. Lennard-Jones constants for C–TiO2 system.

Interaction � (meV) � (Å) A (eV×Å6) B (eV×Å12)

C–Ti 3.14 3	7588 35	38 99795.40
C–O 4.14 3	2531 19	61 23241.81
Graphene–graphene 3.83 2	39 15	2 24100

The potential energy (or the van der Waals force) is a
short range energy (force), therefore the tube is assumed
to be semi-finite in length and we can consider each side
of the tube separately. Firstly, we calculate the interaction
energy between TiO2 and the tube. The numerical calcu-
lation is presented by the solid line in Figure 3(b). The
minimum energy occurs at Z = Z0 = −30.328 Å, where
the negative sign indicates the left hand side of the tube.
Subsequently, in order to investigate the case of TiO2–
TiO2-tube interaction, we fix the distance between the first
TiO2 molecule and the tube to be Z0. The model is detailed
in Figure 2(b) and the energy calculation is depicted by
the dashed line in Figure 3(b). It is clearly seen from the
comparison graphs that the energy level of TiO2–TiO2-
tube interaction is lower than that of TiO2-tube interac-
tion. As a result, the TiO2 nanoparticles are likely to be
together rather than alone when entering into the carbon
nanotube. It should be noted that this continuum approach
takes into account both armchair and zigzag carbon nano-
tubes because the discrete carbon atoms are assumed to be
replaced by an average atomic distribution over each sur-
face. In the experiments, multi-walled carbon nanotubes
were used, and in the calculations we considered only the
single-walled carbon nanotubes. This will not change the
behavior of the system since the total potential energy can
be obtained linearly by summing each pair of interaction
as given in (3); consequently, only the magnitude of the
energy will be changed.

3. CONCLUDING REMARKS

In this work, we have presented an explanation of our
experimental results aimed at understanding why TiO2

molecules aggregate at only one side of a carbon nano-
tube in order to be encapsulated into the tube, which is
part of the main problem surrounding the encapsulation of
TiO2 nanoparticles into SWNT when using mainly applied
mathematical modeling tools. We employed the Lennard-
Jones potential to calculate the interaction energy, and
we made the usual continuum approximation, in which
the discrete carbon atoms are assumed to be replaced by
an average distribution over each surface. The interaction
energy between two TiO2 molecules and the SWNT is the-
oretically found to be lower than that between one TiO2

molecule and the SWCN. Therefore the particles are likely
to form a cluster or a chain before entering into the tube.
This result is supported by the experimental data. Hence
our approach could be used to predict whether or not
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TiO2 particles might be sucked into a SWNT, which could
become an important issue for applications involving drug
delivery research.
Because some microscopic details and stochastic inter-

actions, as well as fluctuations, are ignored, our method
allows for calculations to be analytically performed and
some theoretical predictions to be made. Although it is
relatively less time consuming than other methods; it
does require a geometrical and physical background of
the nanoparticles studied. In comparison to other methods
used for nanoscience studies (such as first principle calcu-
lations, molecular dynamics or Monte Carlo simulations),
our applied mathematical modeling approach has not been
widely used in this field. To the authors’ knowledge, no
work has been undertaken on mathematical modeling to
describe the encapsulation behavior of TiO2 nanoparticles
into CNT. More work, such as the establishment of optimal
conditions and more precise evaluations of encapsulation,
is now progressing. Our current results, however, could
give confidence to the high feasibility of developing new
nano-scale materials.
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